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In the Principia, Book 1, Proposition 1, Newton gave a geometrical proof of angular momentum
conservation for central forces. A geometrical construction associated with this proof provides a very
efficient graphical method to obtain approximate orbital curves for such forces that can be traced
with a ruler and a pencil. Newton’s geometrical construction also satisfies a discrete form of energy
conservation and it is time reversal invariant. An algorithm corresponding to this construction
provides an efficient and stable numerical method to integrate the equations of motion of classical
mechanics. In the past, this algorithm has been rediscovered several times without recognizing its
connection to Newton’s geometrical construction. © 2018 American Association of Physics Teachers.

https://doi.org/10.1119/1.5050620

I. INTRODUCTION

In Proposition 1 of the Principia, Book 1, Newton gave a
geometrical proof of Kepler’s area law for central forces.'?
This law, conjectured by Kepler from astronomical observa-
tions of planetary motion by Tycho Brahe, corresponds to the
conservation of angular momentum for such forces.” The geo-
metrical construction associated with Proposition 1 also pro-
vides a very efficient method to obtain, both graphically and
numerically, approximate orbits for general central forces.
Graphically, these orbits can be traced as polygons with only
a pencil and ruler. Hence, with a modest understanding of
geometry students can learn and solve problems in classical
dynamics without calculus. An algorithm corresponding to
Newton’s geometrical construction is a stable analytic method
for the numerical solution of equations of motion, a method
that has been rediscovered several times in the past, appar-
ently without awareness of its connection to Proposition 1.*®

In Sec. II, Newton’s geometrical construction for
Proposition 1 is described, and is applied as a graphical
method to trace orbits for central force impulses (see Fig. 1).
An impulse is defined by Newton as a force acting during a
very short (infinitesimal) time interval giving rise to an instan-
taneous change of velocity in the direction of the force. Some
results are shown for impulses with various dependences on
the distance from the center of force (see Fig. 2). In Sec. III,
this graphical method is converted into an algorithm to inte-
grate numerically the equations of motion of classical
mechanics. In Sec. IV, an analytic proof is given of the con-
servation of angular momentum for discrete central force
impulses, and a discrete version of energy conservation is
derived. In Sec. V, it is shown that the graphical construction
associated with Proposition 1 is time reversal invariant (Fig.
3). Section VI shows some examples for the rapid conver-
gence of the graphical method (see Fig. 4). Section VII gives
a proof that in the continuum limit, Newton’s geometrical
construction is an area preserving algorithm. In Appendix A,
it is shown that the length associated with an impulse varies
quadratically with the displacement length; in Appendix B, a
brief historical description is given of Robert Hooke’s impor-
tant contribution to Newton’s development of the Principia.

II. GRAPHICAL METHOD TO CONSTRUCT ORBITS

Newton’s proof of Kepler’s area law in the Principia, Book
1, Proposition 1, corresponding to conservation of angular
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momentum discussed in Corollary 1 of this proposition, is based
on a geometrical construction of a discrete orbit under the action
of impulses at periodic time intervals J¢z. By the first law of
motion (inertia), between impulses the orbital velocity remains
constant. The geometrical lines that represent the magnitude of
the impulses end on a continuous orbital curve assumed to exist
in the limits 6 — 0, the limit in which the number n of appro-
priately scaled impulses becomes infinite during a finite interval
of time. If instead of taking these limits, the time intervals ¢ are
kept finite, and the impulses are scaled according to the depen-
dence on distance of the central forces, Newton’s geometrical
construction can be turned into a rapidly convergent graphical
and numerical method to obtain approximate discrete orbits.
Following Newton’s description of Proposition 1, the recipe to
construct graphically a polygon that describes a discrete orbit
under the action of periodic impulses is the following:

In Fig. 1, panel (a) illustrates the first step in Newton’s
graphical construction. The horizontal line SA ends at the
initial position of a body at A which is on an orbit about the
center of force at S. The line AB represents the initial dis-
placement during the first time interval o¢, where AB = vdt,
and v is the initial velocity. At B, AB is extended to ¢, with
Bc=AB, and a line ¢C is drawn parallel to the radial line
SB; the magnitude of ¢C represents the magnitude of a dis-
crete radially inward impulse at B.” The line BC joining B
and C is the displacement during the next time interval Jz.

At the next time interval Jz, this construction is repeated
as shown in Fig. 1, panel (b), with the extension Cd =BC,
and the impulse dD parallel to SC. This impulse is scaled in
magnitude relative to ¢C by the radial dependence of the
force law under consideration. In these diagrams, this force
is assumed to be a constant. Two further constructions are
shown in Fig. 1, panels (c) and (d). The latter, consisting of 4
impulses, corresponds to a very good approximation to
Newton’s diagram for Proposition 1. The extension of this
orbit for 11 additional impulses is shown in panel (e), and in
panel (f) after 72 impulses.

Given an initial displacement d = SA, the magnitude of the
initial impulse /& = ¢C depends on the magnitude of the central
force. In the diagram in Fig. 1, which evidently Newton drew
carefully to scale, he chose & ~ (1/5)d. Subsequent values of
h, i.e., Dd, Ee, Ff, are determined by the dependence of the
magnitude of the impulse on the distances SC, SD, SE, SF of
the vertices from the center of force at S.'° For example,
assuming a power law dependence of the impulses on dis-
tance, with exponent p, the impulse 4. at C is related to the
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Fig. 1. Demonstration of the graphical construction based on Proposition 1.
Panels (a), (b), (c), and (d) show 4 consecutive impulses in this construction
that reproduces Newton’s diagram for Proposition 1. Panels (e) and (f) show
the orbits for a larger number of impulses.

previous impulse %, at B by the relation i, = (SC/SB)"hy,
and in general at any vertex F

hy = (SF/SB)"hy. (1)

For example, for impulses independent of distance, p =0, for
a linear dependence on distance, p =1, and for an inverse
square dependence on the distance p = —2.

Newton’s diagram in Proposition 1 was carefully drawn to
scale for constant impulses. This is the simplest case for a
graphical computation because it avoids the need of an alge-
braic computation of Eq. (1) at each vertex of the discrete
orbit. As Newton pointed out in a revealing letter to Edmond
Halley on May 27, 1685, “I then took the simplest case for
computation, which was that of Gravity uniform in a
medium not Resisting.”'""'?

In Appendix A, it is shown that the magnitude of the
impulse / depends quadratically on the magnitude of the dis-
placement d. This relation is important to obtain improved
discrete approximations for the orbit in the continuum limit,
and follows from the local radius of curvature p of the orbit
in this limit. For example, if the initial magnitude of d is
decreased by a factor 1/2, i should be decreased by a factor
1/4, and the number of steps required to reach a comparable
point of the discrete orbit is approximately doubled.
Although the value of p is not known a priori, it is not
required for the graphical calculation, but it can be evaluated
approximately at a given vertex as the radius of a circle that
contains this vertex and the two adjacent ones. "
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Fig. 2. Panel (a): Extension with 4 additional impacts of Newton’s diagram
in De Motu for inverse square impacts. Panel (b): Elliptical orbit for inverse
square impacts. Panel (c): Circular orbit. Panel (d): Elliptical orbit for
impacts dependent linearly on distance from the center. Panel (e):
Hyperbolic orbit for inverse square impacts. Panel (f): Spiral orbit for
inverse cubic impacts.

Regardless of the dependence of the impulses on distance, in
Proposition 1 Newton gave an elementary proof that the areas
of successive triangles SAB, SBC, SCD, SDE, SEF obtained by
joining the ends of the lines AB, BC, CD, DE, EF between
impulses to the center at S are all equal. Since by construction
these lines are path lengths transversed at equal time intervals
ot, by Proposition 1 the areas enclosed by the polygonal path
and the center of force are proportional to the time.'*"

III. CARTESIAN ALGORITHM BASED ON
NEWTON’S GEOMETRICAL CONSTRUCTION

Expressing Newton’s geometrical construction in
Proposition 1 in algebraic form'” leads to a very efficient
computational algorithm for dynamical problems that has
been rediscovered many times without the authors appar-
ently being aware of its connection to this proposition in the
Principia,4_7 except for Coullet et al®

Let x(i), y(i) be Cartesian coordinates for the vertices of
Newton’s geometrical construction at steps i = 1, 2...n, with
the origin at the center of force. Referring to Newton’s dia-
gram in Proposition 1, Book 1 of the Principia, reproduced
here in Fig. 1, panel (d), the initial values x(1), y(1) for the
location of the orbiting body are x(1) = SA, and y(1) =0. The
components dox, dy of the initial displacement AB for the
next position after a time interval d¢ determine

x(2) = x(1) + dx,  y(2) = y(1) + 0y, 2)

Michael Nauenberg 766



where ox = v,(1)or, dy = v,(1)dr, and v,(1), vy(1) are the
components of the initial velocity.

The next step in this algorithm is the extension of these
displacements to an auxiliary point with coordinates x,(2),
¥p(2) corresponding to vertex ¢ in Newton’s diagram

xp(2) =x(2) + 0x,  y,(2) = y(2) + oy. 3)
For i>2, these auxiliary points—d, e, f in Newton’s dia-
gram—are located at

xp(i) = 2x(i) —x(i = 1), yp(1) =2y(1) = y(i = 1).

“

The x, y components of the displacement A(7), due to
the impulse at step i, determine x(i + 1) = x,(i) — h.(i),
y(i+1) =y,(i) — hy(i), and substituting Eq. (4), the verti-
ces of the resulting polygonal orbit at x(i), y(i) are deter-
mined successively at

x(i+1) =2x(i) —x(i — 1) — h(d),

5

Wi+ 1) = 25(0) — ¥(i = 1) — hy(0), )

for i=3, 4...n, where the auxiliary coordinates x,(i), y,(i)
have now been eliminated.

With the introduction at step i of two first order differences,
o0_x(i) =x(i) —x(i — 1), and 04x(i) = x(i + 1) — x(i), for
the displacement before and after the ith impulse, this equa-
tion can be written in the succinct form

548_y(i) = —hy (i), ©)

where 0.0_x(i)) =x(i+1)4+x(i—1) — 2x(i), and 5.0_y(i))
=y(i+1)+y(i—1)—2y(i). This equation shows that the
displacements h.(i), h,(i) due to impulses are second order
differentials.

For impulses at periodic time intervals d¢,

5+5_.X(i) = —h((l),

04x(i) = v (i +1)0r, 04y(i) = vy(i + 1)dt, @)
where v,(7), v,(i) are the inertial velocity components before
the impulse at step i. Setting h(i) = —ay(i)0e*, hy(i)
= —ay(i)0r*, where a,(i), a,(i) are the components of the
acceleration in the continuum limit due to the impulse, we
can write Eq. (6) in the form
04 0:(i) = ax(i)ot, 5+Uy(i) = ay(i)5t7 )
for the discrete change in velocity due to the impulse at step i.
Equations (7) and (8) are the algebraic form of Newton’s
geometrical construction in Proposition 1, and in the contin-
uum limit, 6t — 0, become the familiar equations of motion
of classical mechanics. For finite time intervals ¢, however,
Eq. (7) differs in an essential way from the corresponding
well known Euler equations for numerical integration, which
have the form
04x(i) = ve(i)or,  o,y(i) = vy(i)or, C))
where the velocity components v,(i), v,(i) appear at step i
instead of at step i + 1. This seemingly innocuous difference
accounts for the stability and improved convergence of
Newton’s Proposition 1 geometrical construction both in
graphical and analytic form. The construction then satisfies
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the conservation of angular momentum for discrete impulses,
and a discrete energy conservation relation discussed in Sec.
IV. Moreover, while Newton’s method can be implemented
graphically with the auxiliary variables x,,(i), y,(i) in Eq. (4),
there does not exist a corresponding graphical method to
implement the Euler equations and related numerical meth-
ods of integration.

For impulses of magnitude /(i) directed to the fixed center
at the origin of the x, y coordinates, the components are

mm=h@§% (10)

(x(i)* + y(i)?) is the radial distance from the

center of force at the ith step. For a power law dependence
on (i), we have h(i) = h(1)(r(i)/r(1))", where h(1) is the
magnitude of the initial impulse, and p is the power associ-
ated with the the force law. For example, for constant
impulses p =0, for impulses depending linearly on the dis-
tance from the center p=1, and for impulses depending
inversely on the square of this distance p = —2.

In the special case that the impulses are directed along the
initial displacement (velocity), the motion is one dimen-
sional, and for constant impulses, 4(i) = &, the solution of the
discrete equation of motion, Eq. (6), is

where r(i) =

2
x(i) :id—l—%. (11)

By similar graphical arguments, this solution was obtained orig-
inally by Galileo, and by Isaac Beeckman, with d = vdt, and
h= aétz, where v is the initial velocity, and the elapsed time at
the ith step is t = idt.'®

IV. CONSERVATION OF ANGULAR MOMENTUM
AND ENERGY IN PROPOSITION 1

The angular momentum /(i) for a discrete orbit is defined
by the first order difference relation

1(D)ot = x()0_y(i) — y(i)o_x(i). (12)
Then substituting Eq. (6) for 0,.0_x(i) and 6, _y(i)
0.1())ot = —(x(i + 1) + x(i — 1))y(i)
+ O+ 1) +y( = 1)x() (13)

and applying Eq. (5), one obtains

B.1(0)31 = = (2x(0) = hy () (1) + (25(0) = by (1)),
(14)
For central forces, the impulse components /,(i), h,(i) are
proportional to x(i), y(i), respectively, in Eq. (10) and there-
fore 0.1(i) = 0.
A discrete form of energy conservation is obtained as fol-
lows: We have

5403 (0) = (i + 1) + 0(0)) 3 0(0),

502(i) = (vy(i + 1) + v,(0))3,)i), (as)

and applying Eq. (8), we obtain
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04 02(i) = (x(i + 1) — x(i — 1))a,(i)dt,

2(i ; . . (16)
(3+Uy(l) = (Uy(l + 1) + Uy(l))ay(l)ét.
It follows that
0 (i) = 2a(i)or(i), (17

where v(i) = \/v.(i)* + v,(i)°, a(i) = \/a.(i)* + a,(i)?, and
26r(i) = (x(0)/r(D))(8:x(0) + 6_x(i)) + (v(i)/r(0)) (31 (i)
+d_y(i)) is the mean change in the radial distance due to the
ith impulse.

Summing both sides of Eq (17) from i =1 to i=n gives a
discrete version of the conservation of energy relation in the
form

v(n)? — 2§n:a(i)5r(i) =v(1)% (18)
1

In the Principia, Newton derived this relation in the
continuum limit for one dimensional motion in
Proposition 39, and applied it for two dimensional motion
in Proposition 41.

V. TIME REVERSAL INVARIANCE

In Newton’s geometrical construction, time reversal can
be represented either by a change in sign of the periodic time
intervals, 0t — —dt, or equivalently, by a change in sign of
the velocity, v — —v. In either case it will now be shown
that the same vertices of the polygonal orbit are transversed
but in the opposite order.

In Fig. 3, at any place along the discrete orbit with the
center of force at S, let A be the position of the body at
time ¢, and AB the displacement during the interval of time
ot. At B, the impulse towards S leads to the displacement
Cc parallel to the radial line SB, and the next position at C
during the next interval ¢ is obtained by compounding
(adding vectorially) Bc and Cc. Under time reversal, the
velocity at C changes sign, and after a time interval ¢ the
body reaches the previous vertex B. Following Newton’s
graphical construction, BC is extended to a with Ba =BC,
and the same impulse with magnitude cC at B is now com-
pounded (added vectorially) with Ba to a time reversed
vertex Ar. Referring to Fig. 1, since Bc = AB, Ba=CB and
the angles CBc and ABa at vertex B are equal, aA =Cec.
Therefore Az =A.

Fig. 3. Graphical demonstration that the impulse Aa under time reversal for
motion from C to A is equal to the impulse Cc for motion from A to C.
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VI. CONVERGENCE OF DISCRETE ORBITAL
CURVES TO THE CONTINUUM LIMIT

A proof of convergence to the continuum limit of the dis-
crete polygon obtained with Newton’s geometrical construc-
tion in Proposition 1 is a difficult problem, and it is
considered only partially in the Principia. Under the implicit
assumption that the displacements representing impulses end
on a given continuous orbital curve, Newton appealed for the
existence of this limit to Lemma 3, which originally was intro-
duced by Isaac Barrow.'® This Lemma gives rigorous upper
and lower bounds for this limit. In practice, the geometrical
construction in Proposition 1 also leads to a graphical method
to obtain discrete orbits that approximate the continuum
curves to any desired accuracy by rescaling the magnitude of
the initial parameters. Rapid convergence can be obtained by
decreasing the initial displacement length d by a factor 1/2,
and the initial impulse length 4 by a factor 1/4, and approxi-
mately doubling the number of discrete steps. Examples are
shown in Fig. 4 with the initial displacements proportional to
those in an early draft of the Principia,” except in Panel (b).
This panel shows the convergence for inverse square impulses
when the initial displacement leads to a nearly circular orbit
The discrete orbits obtained with Newton’s initial parameters
are indicated by dash lines (red online), and the corresponding
orbits obtained by rescaling these parameters by solid (blue
online) lines. Panel (a) in Fig. 4 shows the convergence for a
single rescaling for constant impulses, p = 0. Panel (b) shows
the result for impulses depending linearly on the distance
from the center of force, and panel (c) for inverse square
forces. Further rescaling cannot be done graphically, because
the impulse lengths become too small.

Fig. 4. Illustration of convergence. Black lines are the polygonal orbits
obtained with the discrete impulse shown in the diagrams. Blue lines (color
online) show orbits with initial displacement decreased by a factor 1/2, and
impulses decreased by a factor 1/4. Red (color online) lines correspond to a
decrease by an additional factor 1/2 and 1/4, respectively. Panel (a):
Constant impulses. Panel (b): Inverse square impulses. Panel (c): Linearly
dependent impulses.
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VII. SYMPLECTIC ALGORITHM

In the continuum limit, Newton’s graphical construction is
also an area preserving algorithm. Let

X' = x + vét = P(x,v,0t), (19)
and
v =v+a(¥)ot = Q(x,v,dt). (20)

After a differential time interval J7, the area dxdv of a square
with sides dx, dv is given by the relation

OPOQ OP ag)
We have
oP 00 da oP 00 da
Ox L, v 1+dx’5’ 0 o, ox  dx'’
(22)
and hence,
OPOQ OP 8Q> B
(8)( v Qv ox) B (23)

VIII. FRICTION

In Book 2, Propostion 1 of the Principia, Newton consid-
ered the effect in a medium of resistance proportional to
velocity. Such an effect can be readily taken into account in
the graphical method by decreasing at each step between
impulses the extension of the displacement line by some fac-
tor z. Analytically, this corresponds to replacing Eq. (4) by
the relation

(i) = (2= 2)x(i) = (1 = 2)x(i = 1),
woli) = (2 = 2)y(1) = (1 = 2)y(i — 1),
where z can be determined experimentally. For example, z

~ 0.005 for the ball rolling in an inverted cone shown in
Fig. 5, panel (b).

(24)

IX. SUMMARY

In the Principia, Proposition 1, Book 1, Newton gave a
proof of angular momentum conservation for central forces.
This proof was based on a geometrical construction that such
forces consisted of periodic impulses at time intervals o¢, and
on taking the limit that 6z — 0, and the number of impulses n
— 00. Newton justified the continuum limit by Lemma 3,
Corollary 4 in the Principia which implied that the lines rep-
resenting impulses in his geometric construction ended on a
pre-existing continuous curve.'® Perhaps for this reason the
application of his construction as a graphical method to
obtain such orbital curves has been overlooked. The essential
feature in this application is that the magnitude of the
impulse lines depends on the central force law under consid-
eration. Expressing this graphical method in analytic form
corresponds to a well known numerical method that has been

769 Am. J. Phys., Vol. 86, No. 10, October 2018

rediscovered several times without awareness of its corre-
spondence to the geometric construction in Proposition 1.
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APPENDIX A: QUADRATIC DEPENDENCE OF
IMPULSE ON DISPLACERMENT

Let the initial displacement AB = d, and the initial impuse
¢C = h. Then

d = vét, (Al)
where v is the initial velocity and ot is the periodic time
interval. Setting Jv to be the magnitude of the velocity

change due to the component /4, of the impulse h tangential
to the local motion

h, = dvdt, (A2)

ov can be expressed by a quantity a, with the dimension of
acceleration

ov = a,0t. (A3)
Substituting this expression in Eq. (A2) gives us
he = a,6r*. (A4)

To express /, graphically as a length, the time interval 6t in
this relation is replaced by d/v in Eq. (A1), giving

B = a,d?

2 (AS)
If we replace v> by the product of a, times a length p corre-
sponding to the local radius of curvature of the continuous
orbit at B,

p=—, (A6)
a

the result is

h=". (A7)
0

APPENDIX B: HISTORICAL NOTE

In 1685, when Newton sent the first draft of his Principia
entitled De Motu Corporum Gyrum to the Royal Society,”®
Robert Hooke who was its secretary at the time, recognized
that Newton’s geometrical construction could be applied as a
graphical method to obtain orbits.?'** He proceeded to draw
such an orbit for impulses that depended linearly on the dis-
tance from the center of force, and obtained a discrete poly-
gon with the vertices located on an ellipse,”> shown in Fig.
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A B

Fig. 5. Panel (a): Graphical calculation of trajectory under the action of con-
stant impulses, and friction coefficient z=0.005. Panel (b): Stroboscopic
view of the trajectory of a ball rolling in an inverted cone.

6, panel (a). Six years earlier, he had communicated to
Newton his own ideas about the nature of gravitational
forces that accounted for planetary motion along the lines
that Newton had implemented. On Dec.13, 1679 Newton had
sent him a letter with the diagram shown in Fig. 6, panel (f),
which presumably he obtained by a graphical method based
on the local radius of curvature of an orbit** Hooke

Fig. 6. Panel (a): Hooke’s diagram for linear impulses in an unpublished
manuscript dated September 1685. Panel (b): Diagram with Hooke’s initial
conditions for inverse square impulses. Panel (c): Constant impulse orbit
with initial conditions approximating the experiment shown in the next
panel. Panel (d): Stroboscopic view of a ball rolling in an inverted cone Ref.
25. Panel (e): Constant impulse orbit with initial conditions approximating
diagram in the next panel. Panel (f): Newton’s diagram in a letter to Hooke
on December 13, 1679.
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responded promptly: “Your calculation of the Curve by a
body attracted by an equall power at all Distance from the
Center Such as a ball Rouling in an inverted Concave Cone
is right, and the two auges [apsides] will not unite for about
a third of a Revolution.”* In a letter to Edmond Halley on
July 14, 1686, Newton admitted that, “This is true, that his
Letters occasioned my finding the method of determining
Figures....””” A reproduction of Hooke’s experiment is
shown in Fig. 6, panel (d).%° In this case, the tangential force
acting on the ball is a constant (apart from friction), and the
graphical orbit for constant impulses shown in panel (c) is in
good agreement with it. Panel (b) is the graphical orbit I
obtained for inverse square dependent impulses with
Hooke’s initial conditions for constant impulses shown in
panel (e). After seven steps the orbit diverges when the verti-
ces approach too closely to the center of force impulses. This
divergence also occurred with Newton’s initial conditions in
the Principia diagram (see Fig. 2, panel (a)). It is likely that
Hooke also obtained this result, and that this divergence
probably discouraged him from publishing his results.

Hooke’s prompt application of Newton’s geometrical con-
struction as a graphical method to obtain an orbit gives sup-
port to a conjecture that Newton would also have applied his
construction in this manner, but there isn’t any evidence for
it in his existing manuscripts.”® Unfortunately Newton’s
work-sheets for the Principia have not been found. In his
introduction to Newton’s Principia, the eminent Newtonian
scholar I. B. Cohen asks: “Whatever happened to the work-
sheets of the Principia? Do they still exist in some obscure
private or public collection? Was this particular set of manu-
scripts—alone of all the Newton papers—Iost or mislaid,
either when the Portsmouth Collection was still in
Hurstbourne Castle or during the actual transfer to the
University Library in Cambridge? Did such work-sheets still
exist among Newton’s papers at the time of his death? Or
were they lost or destroyed—either by chance or design—
during Newton’s own lifetime? We may possibly never be
certain of the answer to these questions.”’
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